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Abstract 

Let B'^j^ (a = 1,...,A^) be a system of free two-form gauge 
fields, with field strengths -f^^^^p = SOj^S^^j and free action Sq equal 
to (-1/12) gabH^^upH^^'''P (n > 4). It is shown that in n > 4 
dimensions, the only consistent local interactions that can be added 
to the free action are given by functions of the field strength compo- 
nents and their derivatives (and the Chern-Simons forms in 5 mod 3 
dimensions). These interactions do not modify the gauge invariance 
^ti,u ~^ ^'^J,u~^(^[^l^v] of the free theory. By contrast, there exist in n = 4 
dimensions consistent interactions that deform the gauge symmetry of 
the free theory in a non trivial way. These consistent interactions are 
uniquely given by the well-known Freedman-Townsend vertex. The 
method of proof uses the cohomological techniques developed recently 
in the Yang-Mills context to establish theorems on the structure of 
renormalized gauge-invariant operators. 
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Two-form gauge fields play a central role in string theory and in various 
supergravity models. They provide generalizations of Maxwell theory that 
are not only interesting in their own right, but which also shed a new light 
on the properties and the structure of the Maxwell theory itself. 

In the absence of interactions, two-form gauge fields are described by the 
action 

So = I d-x ga,H;^,H'^'^^ (1) 

where Qab is an invertible, symmetric matrix and where H'^^^ are the field 
strength components, 

= d,Kp + d.B;^ + dpB;,- (2) 

The free theory is invariant under the abelian gauge transformations 

8^Bl, = d,K - duA;, (3) 
while the free field equations of motion are 

^ dpH^'P^"' = 0. (4) 



SB-, 



The gauge symmetries are reducible, since if one takes 

a: = d^e'^ (5) 

in one gets a vanishing variation for B"^,. 

This paper investigates the possible consistent couplings that can be intro- 
duced among a system of free two-forms -B^^,, without introducing further 
dynamical fieldsQ^j, for all spacetime dimensions n > 4 (the case n < 4, for 
which the two-forms B'^, carry no degree of freedom, is not considered). Our 

^New types of couplings not discussed here are well known to be allowed if there are 
further fields besides the N two-forms. 

^An interaction term A5o is said to be consistent if one can modify the gauge symme- 
tries and the reducibility identities in such a way that the modified action So + A5o is 
invariant under the modified gauge symmetries, which are required to fulfill the same num- 
ber of (possibly modified) reducibility identities. We shall consider here only consistent 
interactions that can be obtained by continuous deformation of the action. 
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main result is that the abehan gauge transformations (0) are extremely rigid, 
in the sense that no consistent interaction can deform them. The sole excep- 
tion occurs in four dimensions, where the Freedman-Townsend interaction 
vertex [|l| defines the only consistent interaction that deforms non trivially 
the gauge transformations of a set of free two-forms. [Note, however, 
that even in that case, the algebra of the deformed gauge transformations 
remains abelian]. This situation is in sharp contrast to what happens with 
one-form gauge fields, for which consistent deformations of the gauge sym- 
metries - namely, Yang-Mills deformations - exist in any number of spacetime 
dimensions. 

The difference between one-forms and two-forms, and, more generally, 
between one-forms and p-forms, was pointed out already some time ago in 
[0] from a geometrical viewpoint. The argument goes as follows. One may 
regard two-form gauge fields as connections in the space of, say, closed strings. 
A path in loop space defines a two-dimensional surface in spacetime whose 
boundaries are the initial and final string configurations. Now, the same 
spacetime surface can be swept out differently by the string and corresponds 
therefore to many different paths in loop space. If one requires the parallel 
transport from the initial to the final string configurations to depend only on 
the spacetime surface swept out by the string, and not on the actual details 
of how it is swept out, then, one is inevitably led to the conclusion that the 
symmetry group must be abelian, with gauge transformations (0) for the 
two-form connection. 

One may object to this geometrical argument that there is no reason 
to assume that the two-forms, which are local fields in spacetime, should 
define a connection in loop space. Actually, the Freedman-Townsend model 
evades it precisely because in it, the two-form gauge fields have no immediate 
connection interpretation. However, this is the only exception and one can 
thus conclude that the geometrical argument is quite powerful. 

In order to establish the rigidity of the gauge transformations in 
n > 5 dimensions and the uniqueness of the Freedman-Townsend deforma- 
tion of the gauge symmetry in four dimensions, I shall follow the antifield- 
BRST approach to the analysis of consistent deformations developed in 
This approach is based on the observation that a consistent defor- 
mation of the free action Sq and of its gauge symmetries defines a de- 
formation of the corresponding solution of the master equation that pre- 
serves both the master equation and the field-antifield spectrum. Thus, if 
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So + g J d'^x ao + Oi^g"^) defines a consistent deformation of 5*0, with deformed 
gauge symmetry S'/^B'^,^ = c?^A" — (9,yA^ + (^A^^ + O^g"^), then one has for the 
solution of the master equation 

S S + g j (Txa + O^g^), (6) 

with 

[S, 5) = 0, {^S + g j crxa + 0{g^), S + g J d^'x a + 0{g^)j = 0. (7) 
Here, S and a are respectively given by 

S = So-l {2d,C:Br + d,v''C:n (8) 

and 

a = ao- A;^^57^ + "more" . (9) 

In these formulas, the are the ghosts and have ghost number one. The 
7]"' are the ghosts of ghosts of ghost number two, which appear because the 
gauge transformations are reducible 0, |^. The B*^'^, C*'^ and i]* are the 
corresponding antifields and have respective ghost numbers —1, —2 and —3 
[§, 0]. The ghost number itself can be viewed as the difference between 
the pure ghost number and the antighost number, where the non trivial 
assignments are: 

pure gh(Cp = 1, pure gh{r]'') = 2, (10) 
antigh(Sr^) = 1, antigh(Cr) = 2, antigh(r/:) = 3. (11) 

The term Aj^^ in (^ is obtained by replacing the gauge parameter by the 
ghosts in A^^,. Moreover, "more" stands for terms of antighost number 
> 2. 

The deformed solution of the master equation contains information not 
only about the interaction term qq added to the free action, but also about 
the new form of the gauge symmetries, their algebra, and their reducibility 
identities. More precisely, in the expansion (^, the first antifield-dependent 
terms have the following interpretation: the coefficients of the terms in B*C 
define the deformation of the gauge symmetry; the coefficients of the terms in 
C*CC correspond to the deformation of the gauge algebra; the coefficients 
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of the terms in 0*7] define the deformation of the reducibihty coefficients; 
the reducibihty of the new gauge symmetry holds only on-shell if one of the 
terms in B*B*ri does not vanish etc (all this to order g). Thus, a consistent 
deformation modifies neither the gauge transformations nor their algebra or 
reducibihty relations, if the term g J d"'x a added to the solution of the master 
equation for the free theory does not contain the antifields and reduces to 
g Jd'^xao. 

The interest of reformulating the problem of consistent interactions through 
the master equation is that the consistency of the interaction imposes equa- 
tions on the terms added to S that have a direct cohomological interpretation. 
The problem can then be investigated by the powerful machinery of homo- 
logical algebra. Indeed, it is easy to see that equation (|^ holds to order g if 
and only if the first order deformation a is a BRST-cocycle modulo d, i.e., 
fulfills 

sa = a^^F, (12) 

for some k'^. Furthermore, if a is a coboundary modulo d, a = sb + d^m^ for 
some h and m^, then the deformation is trivial in the sense that it can be elim- 
inated by field redefinitions. Accordingly, non-trivial first-order consistent 
interactions are uniquely determined by the elements of the cohomological 
group H^{s\d), and vice-versa. Here, the BRST differential s = 6 + 'y = {S, .) 
is the BRST differential of the free theory acting in the space of fields and 
antifields. One has s = 6 + j with 





= 0, 


7^;, = d,c: - d.c;, 


(13) 




= 0, 


ic; = ax, 


(14) 




= 0, 


77]" = 


(15) 



and 

SBr = Igatd.H"^'-'', 7i?r = 0, (16) 

= 25^5*^^ lC*/ = (17) 

Svl = d,CT, 7^: = 0. (18) 

According to the general antifield theory, the BRST differential has been 
split as the sum of the Koszul-Tate differential 5 and the longitudinal exterior 
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derivative 7 [0. Taking a to be a BRST-cocycle modulo d makes S+g J dT'x a 
a solution of the master equation up to order g included. 

There are further conditions on a which express that S + g J d"'x a can 
be completed by terms of higher order so as to be a solution of the mas- 
ter equation to all orders ("the first-order deformation g J d^x a is not ob- 
structed at higher orders" ) . The condition at order g"^ is that the antibracket 
(/ d'^x a, J d^x a) should be exact in the space of local functionals |Q. This 
condition is automatically fulfilled if a does not contain the antifields (and so, 
reduces to ao) since then the antibracket (/ d"'x a, J d^x a) vanishes. When 
this happens, S + g J rf" X d IS cL solution of the master equation to all orders, 
without further higher order corrections. 

Since the interaction ao deforms the gauge transformations if and only 
if the corresponding BRST-cocycle a modulo d contains the antifields^, the 
central question is whether one can eliminate the antifields from any solution 
of ( |T^ ) by adding a BRST-coboundary modulo d. If that can be done, then 
there is no deformation of the gauge transformations when one adds the 
interaction g J d"'x a = g J d^x ao to the free action. 

In order to examine whether the antifields can be eliminated from a 
BRST-cocycle modulo d, one can follow the same method as in [Q, where 
the antifield-dependence in the Yang-Mills case was shown to be controlled 
by the cohomological groups Hj{5\d) of the 5 mod d co homology. 



So, let a be a solution of the cocycle condition (|T2D, which can be ex- 
panded according to the antighost number, 

ao — i> a = ao + ai -|- a2 + ... + a^, antigh(aj) = i. (19) 

It is easy to prove, just as in the Yang-Mills case, that the last term can 
be assumed to be annihilated by 7 and to depend only on the curvature 
components -ff^j^p, the antifields, their derivatives, and the undifferentiated 
ghost rj°- of ghost number two. Thus, since antigh(afc) = k and gh(afc) = 0, 
the pure ghost number of a^ is equal to fc, which forces k to be even (a^ 
involves only the ghosts 77"). Assume k = 21 > 0, ak = fJ'bib2...bi rf^rf''^ ■■■rf'^ ■ 
Now, the coefficients fibib2...bi are easily verified to define elements of Hk{S\d) 
{Sfibj^b2...bi + dii^bxb2...bi = 0)- Again like in the Yang-Mills case, the last term 

■^If there is no modification of tlie gauge transformations, the deformation does not 
contain the antifields B^''^ . Then, the reducibility identities may also be assumed to be 
unchanged, so that the deformation docs not contain any antifield at all. 
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ttk in a can be removed from a by an allowed redefinition, a — >■ a + s6 + d^c^, 
iff the 

fJ'bib2...bi are trivial in the invariant cohomology Hk[S\d), i.e., of the 
form 6ab^b2...bi + ^MPbife.-.b;' ^^^^^ cTbite...?., and p^^t^...,,^ involve, like Hb^b^-hv 
only the curvature components, the antifields and their derivatives. 
The crucial theorem upon which our result relies is: 

Theorem 1 : In spacetime dimensions n > 5, the cohomogical groups 
Hk{S\d) vanish for k ^ 0, k ^ 1 and k ^ 3 in the space of functions of 
the curvature components, the antifields and their derivatives, 

Hk{6\d) = 0, k^O, k^l, k^3 (n > 5) (20) 

Proof : The proof of this theorem is given for A; > 3 in |0. The case k = 2 
is then easily taken care of by using the isomorphisms HQ{d\6) ~ Hf{6\d) ~ 
... ~ Hl{6\d) ~ 0, also proven in 0. The details will be given in pO| . 

It follows from this theorem that one can remove unless /c = 1 or 
k = 3. But we have seen that k must be even. Thus the possibilities k = 1 
and k = 3 do not arise, and the obstructions to removing the antifields from 
a are not encountered. This establishes: 

Theorem 2 : At ghost number zero and in n > 5 dimensions, the most gen- 
eral solution of the cocycle condition j^T^ ) does not depend on the antifields 
(up to trivial terms). Thus, up to redefinitions, the most general consistent 
deformation of the free action is gauge invariant under the gauge trans- 
formations ^ of the free theory (7 / d'^x oq = The deformed action 
So + g J d^x ao is consistent without need for terms of order g"^ or higher. 
The interacting theory is invariant under the same gauge transformations as 
the free theory. 

One can say more about the solutions of 7 / d^x ao = 0, i.e. 709 = dnm'^ 



for some m'^ |Tl|. These fall into two classes, like in the Yang- Mills case. 
First, there are the solutions for which vanishes (or can be made to 
vanish by redefinitions), 700 = 0. These are just the polynomials in the 
field strength components H^^^p and their derivatives. Second, there are the 
solutions with a non trivial m'^. These are given, up to solutions of the 
previous type, by the Chern- Simons forms 

4ia2...a,^"' A H"^ A ... A H""-' A B"", (21) 

where da^a2...ak is completely antisymmetric and where H"^^ stands for the 
three-form with B"^ = {l/2)B'^^^dx^' A dx"" . One has n = 2 3{k - 1) 
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(so that ( |21| ) is a n-form), with k > 2, and of course, k < N. This completes 



the analysis of the n > 5 case. In the language of |jT2[, Theorem 2 shows 
that the structural constraint expressing that the gauge symmetry should be 
unchanged under renormalization is fulfilled (Theorem 2 remains true if one 
starts with an action already modified by gauge-invariant interactions |TT[|). 
Let us turn now to the case n = 4, which is more complicated because the 



cohomological group H2{6\d) differs from zero |]TOl- To analyse this case, it 
is convenient to introduce the auxiliary field A"''^ ~ e'^'^^^H^^^ and to replace 
B^j^ by its dual ^e^'^'^^B^^gab, which we shall still denote by B^'^. This is 
permissible because auxiliary fields do not change the dynamics and, as it 
has been shown in |jl3|, ^ , they do not change the local cohomological groups 
H{s\d) either. The starting point is thus the action with auxiliary fields, 
which read explicitly, 

S'o = lJ d'x [AlA'^g^b + Sr^;.) (22) 

with 

F;, = d,Al - d^A^. (23) 

In terms of the new variables, the BRST differential s = 5 + 7 of the free 
theory reads 





= 0, 7^;: = 0, 


(24) 




= 0, jBH" = e^'P'' d,Ca., 


(25) 




= 0, 7(7^^ = df,r]a, 


(26) 




= 0, 7?7a = 0, 


(27) 


SAT 


= gabA'^ + d^B^', = 0, 


(28) 






(29) 




= e^'^^'S^S;^ , 7C*'^^ = 0, 


(30) 




= df.C*''^, 7//*'^ = 0. 


(31) 



The solution of the master equation for the free theory with auxiliary fields 
is given by 

S = S',- jd^x (e^''''''dpCaaB*;, + d^r^aC*''^) (32) 
and of course, s- = (5*, ■). 
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Let us now construct the most general s-cocycle a modulo d at ghost 
number zero. In four dimensions, the groups Hk{S\d) vanish also for k > 3 
[^]. Thus, the cocycle a can be assumed to have the expansion a = 09+01+02, 
where 02 is of the form fi"'T]a with /i" an element of H2{S\d) that depends on 
A^, the antifields and their derivatives. The most general element in H2{S\d) 
is, up to trivial terms, given by 

^ (^^*6m^c ^ 1 5*^^5-^M^P^^ (33) 

where /"^^ = —f^cb- is easy to verify that /i° defines a non trivial element 
of H2{6\d), and that there are no others. This last assertion follows from the 
isomorphism between HQ{d\6) and H^{6\d) and will be verified explicitly 

in ig. 

The next step is to calculate oi. One has 

<5a2 = 7 {B;:e^'^''^n,AlC,^) + d,V^ (34) 

for some V^. This determines oi to be 

ai = -B;ie>^'^P-r,,AlC,^ (35) 

up to irrelevant trivial terms. By an identical calculation, one then finds 
6ai = —700 + d^kf^, with 

ao = —Bi^'^n^AlAl. (36) 

By construction, a = fi""r]a + ai + is an s-cocycle modulo d from which one 
cannot eliminate the antifields because the last term ii°"r]a is unremovable. 
With this choice of a, S + g J d'^x a solves the master equation up to order g. 

As recalled above [Q , one can add to S' + 5^ / d'^xa terms of order g^ in 
such a way that the master equation holds up to that order iff the antibracket 
{S + g J d'^x a, S + g J d'^x a) is s-exact. A direct calculation yields for this 
antibracket 

/ / d'x t\,,e^^-^ (^B;% - ^AlCa.) AiAl (37) 

with 
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One verifies easily that the integrand is BRST-closed modulo d. However, 
it is BRST-exact modulo d if and only if the constants fulfill the Jacobi 
identity, 

t\de = 0, (39) 



i.e., define the structure constants of a Lie algebra. Indeed, (|37| ) is trivial if 
and only if the coefficient of rja is the 5- variation of an invariant term modulo 
the divergence of an invariant current, and this is possible only if it is zero. 

In this case, (^) vanishes altogether and thus S + g J d'^x a is a solution 
of the master equation by itself, without need for further terms of higher 
order in g. The antifield-independent piece of S + g J d'^x a is the familiar 
action Sq + g J d'^x obtained by Freedman and Townsend (in first- 
order form), and the solution S + g J d^x a of the master equation is the 
corresponding solution constructed by various authors []T1|, |T^, |TB[. Note 



that the metric gab need not be invariant under the adjoint action of the Lie 
algebra. Note also that one can of course add to an arbitrary polynomial 
in and its derivatives, which is the most general gauge-invariant term, but 
such additional interactions does not affect the gauge transformations. This 
completes the construction of the most general deformation of the action for 
a system of free two-forms in four dimensions. We emphasize again that the 
Freedman- Townsend vertex truly deforms the gauge symmetry, even up to 
redefinitions, because the antifields cannot be removed from a. 

In this letter, the most general interactions that can be introduced for a 
system of free two-form gauge fields have been constructed. It has been shown 
in particular that the form of the gauge symmetries is quite rigid, in contrast 
to what happens for a system of free one-forms. Indeed, the interactions 
cannot change the gauge transformations, except in four dimensions, where 
the only exception is given by the Freedman- Townsend vertex. 

The analysis can be extended to p-forms, where one can also show that 
the abelian gauge transformations are quite rigid. Similarly, by using the 
same cohomological techniques, gauge invariance of all the conserved cur- 
rents, except those associated with the global rotations of the two-forms 



among themselves, can be established along the lines of [jT7| 
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